1. A Calculation of the Integral Iv in Memo TM97-01.

[ Start with a clean date.
> restart;

diffegn: [ depvar, diffcoeffs, difforder, diffvars, indvarchange, isdiff, MakeCoeffs, \
OmaxPDEorder, Reconstruct, type/diff, varchange

utils: [ annular_average, applyfunc, CombineTrig, CombTrigOpt, common_factor,\
Clcosfix, csquare, debug_print, expansion, expansion2, getsqrts, is_real_parts, funcopy,

O FunctionCalls, polytest, pullout, rootfunc, RotAxis, signsqrt, small_divisory,

Otermfunc, tmsg, topsqrt, topsqrts

= 1.1. Assumptions and Definitions.

M ake some reasonabl e assumptions on the variables we'll be using, in order to help out the
integrator as much as possible. We'll use g instead of g, since gin Mapleisareserved
numerical value.

assune( S >0, g >0, g <1, p,real, lanbda > O,
k >0, phi,real, f,real );

about (S, g, p, | anbda, k, phi, f);
Oiginally S, renanmed S-:
is assunmed to be: Real Range(Qpen(0),infinity)

Oiginally g, renaned g-:
is assunmed to be: Real Range(0, Qpen(1))

Oiginally p, renaned p~:
is assuned to be: real

Oiginally |lanbda, renaned | anbda~:
is assunmed to be: Real Range(Qpen(0),infinity)

Oiginally k, renaned k-~:
is assunmed to be: Real Range(Qpen(0),infinity)

Oiginally phi, renaned phi~
is assumed to be: real

Oiginally f, renaned f~:
is assunmed to be: real
Js := ( sin(Pi/lanbda*p*S) - sin(Pi/lanbda*p*S*g) )/ (Pi*p/l anbda);
So S
gsmgpp - sin gpp g I
I m
Js =
L pp
| dis :=diff(Js, p);
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® SO Sgb o]
cosgpp ¥ S cosgpp g.pSgi .
| o | o I ® @pSO _appSgio
- 4] gsm =- sin =
8 [ [ @ | o [ o0
dJs = - 2
pp pp

dJs = ternfunc( dJs, factor );

SgcosgppSg

dJs = - -

integrand : = Js*dJs*si n(k*p+phi);

pSO .8&3pSg O|
| oo

integrand ‘= Sl n
& @& pSO Sgb 0 e S0 Sg060 O
g SE*D%§) _+C &DP g—g— gn&DP ) . dp giil'

gg . .
- +sin(kp+1)/(pp)
p 2 -
L pp 2
[ Let's get some ideawhat thislookslike.

= fn(integrand, g, phi, | anbda, k, S, p);

appSgbo

smg =| ~
|~ oo

ae appS 0 2 appSO0  aPpSgdd 0
S co! co. = sing———=- sing————==| ~ T
g%hz %I~g g |~ @ gl~mz

: . Zsin(kp +£~)/(pp)
i P pp o
dp := 0.000007:

plot( F( 0.1, Pi/4, 5500*107(-10), 0.1, 0.6, x ), x=-dp..dp
col or =bl ue, nunpoi nts=100 );

F=(g.f.1.kSp)® §n?p~sg_
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1.2. Perform the Definite Integration.

Iv :=int( integrand, p=-infinity..infinity );
1 e 2 . 2 .
Iv:=- gl gsgnum(%Z)p cos(f)Sgk- (-1+signum(%2)) p sin(f)Sgk

£ (-1+9%4) p2sin(f) Sk- (-1+signum(%3)) p2sin(f) Sgk- 2pcos(f) k2|
+ signum(%1) pcos(f)k2I - signum(%2) pcos(f)k2I - signum(%1) p2 cos(f)Sgk
1 1

- (-1 +signum(%3)) p sin(f ) &2 +£%5pcos(f)k2I : 5(-1+%5)psin(f)k2I
L1+ 20 o 2

- 2(-1+ %04) psin(f) £~ 1 +signum(%3) pcos(f) Sgk

+ (- 1+ signum(%3)) pzsin(f)Sk- %4p2cos(f)Sk- (-1+signum(%1)) pzsin(f)Sk
1

+£%4pcos(f)k2I +signum(%1)pzcos(f)Sk- (-1+signum(%2))pzsin(f)Sk

+ signum( %2) pzcos(f)Sk+(-1+%5) pzsin(f)Sgk+(-1+signum(%2))psin(f)kzl

- (- 1+signum(%1)) psin(f ) K21 - %5 p2 cos(f ) S g k + signum(%3) p cos(f ) 2|

: 2 : 2 . 0 2 1 &
- signum(%3) pcos(f ) Sk+(-1+signum(%1)) p sn(f)Sng/p +§I g

(1+signum(%3)) psin(f ) k21 - (1 + signum(%3)) p2sin(f ) Sk - 41psin(f ) k21

- Signum(%2) p2 cos(f ) Sg ik + 2 p cos(f ) k21 - signum(%1) p cos(f ) ¥° |
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- (1+%5) pzsin(f )Sgk- (1+sgnum(%1)) pzsin(f ) S g k+ signum(%2) p cos(f ) k2I

1
+ signum(%1) pzcos(f)Sgk+§(1+%5)psin(f)k2I +(1+signum(%2)) p2 sin(f) S g k
. : 2, 1 2 . 2 .
- (L+signum(%2)) psin(f) &1 - 2%5pcos(f)k | +(1+signum(%2)) p sin(f) Sk
: 2 2 1 2
- signum(%3) p cos(f) Sgk+%4p cos(f)Sk- 2%4pcos(f)k I

+ (1+signum(%1)) psin(f)kzl - signum(%1) p2 cos(f ) S k- signum(%2) p2 cos(f) Sk
+(1+signum(%3)) p sin(f) S gk + %5 p> cos(f) S g k- (1+%4)p2sin(f) Sk

1
- signum(%3) p cos(f ) K21 + signum(%3) p> cos(f ) Sk+3 (1+94) psin(f) K|

+(1+signum(%1))pzsin(f)Sk%/ p2+ésin(f)(-2k2|2|n(pSg- Kl - pS)
+4k2I2(In(k)+[p)- 2k I2In(-pSg- kIl +pS)-2pSgkl In(pSg- kl +pS)
-2pSkl In(pSg-kl +pS)-2pSgkl In(-pSg- kIl +pS)

+2p Skl In(-pSg-kl +pS)+2pSkl In(-pSg- kl - pS)-2pSkl In(-2pS- kl)
-2pSgklIn(-2pSg-kl)+2pSgkl In(pSg- kIl - pSs)

-2pSkl In(pSg-kl -pS)+2pSgkl In(-pSg-kl -pS)+2pSkl In(2pS- kl)

C21%In-2pS- k1Y +4K21200(0 ) - K212 In(2pSg- k1) - K212In(-2pSg- kI )

+2K21%In(-pSg- kI - pS)+2K° 2

2

I2In(pSg- kI +pS)- k I2In(2pS- k1)

1
+2pSgkl IN(2pSg- k1) +4p°s2+ap?s®g?- 8p252g)/p2-§sin(f)(

2k21 2 In(9%3) + 4521 2 In(k) + 2521 P In(p S g+ k1 +pS)- 221 2 In(%1)

+2pSkl In(-2pS+kl)- k2I2In(-2pS+kl )-2pSgkl IN(%3)+2p Skl In(%3)
C2p Skl In(%2) + 2421 2In(%2) - 2pSgkl IN(%2)- k212 In(-2pSg+kl)

+2pSgkl In(-2pSg+kl)+2pSgkl In(%1) - k2I2In(2pSg+kI)
-2pSkl In(%l)- 2pSgkl InN(2pSg+kl)+2pSgkl In(pSg+kl +pSs)

+2p Skl In(pSg+kl +pS)-2pSkl In(2pS+kl)- kzlzln(2p5+kl)

+4k2I2In(I )+4p252+4p252g2- 8p252g)/p2

%l:=-pSg+kl +pS
%2:=-pSg+kl -pS
%3:=pSg+kl -pS
%4 :=signum(-2pS+kl)
%5 :=signum(-2pSg+kl)
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| v

{cost(");

1.3.

[ WEell, that's amess. Let's see how much we can clean it up.

Iv:

283 additions + 921 multiplications + 4 divisions + 157 functions

Simplification of the Result.

= collect(lv,[sin(phi),cos(phi),signumln],factor);
@1l k(2pS- kI )signum(-2pS+kl)
=€ 3 .
11 k(2pSg- ki )signum(-ZpSg+kI)+1I k%3signum(-pSg+kl - pS)

8 p 4 p
11 k%2signum(-pSg+kl +pS) +}I k %1 signum(%l) +}I k %1 In(%1)
4 4 4 2
p p P
1kl (pSg+kl +pS)In(pSg+kl +pS) 11 k%2In(-pSg+kl +pS)
4 2 4 2
p p

+}kl 2pS+kl)In(2pS+kl) +lkl (2pSg+kl)In(2pSg+kl)

8 2 8 2
p p
1kl (2pS- kl )In(-2pS+kI)+}kI %3In(-pSg+kl - pS)
8 2 4 2
p p
1kl (2pSg-kl)In(-2pSg+kl) +1I k %2 In(%2)
8 2 4 2
p p

+}kl (pSg+kl +pS)In(-pSg-kl -pS) 1kl %3In(%3)

4 2 4 2
p p

L1kl (2pSg-k1)In(2pSg- k1) 1kl (2pSg+kl)In(-2pSg- kI)

8 2 8 2

p p
1kl (2pS+kl)In(-2pS-kl) 11 k%lin(-pSg- kl +pS)
8 2 4 2

p p
+1k|(2ps-k|)nK2pS-k|)o_(f)+§i|k(ZpS-kl)ggmmx-sz+k|)
- Tan T
8 2 = 8 p

P a
+}I k(2pSg- kl)sgnum(-2pSg+kl) 11 k%3signum(-pSg+kl - pS)
8 p 4 P
11 k%2sigum(-pSg+kl +ps) 1| k%lsjgnum(%l)+;|2k29

zoog(f
4 p 4 2 7} s(t)
%Ll:=pSg+kl - pS

%2:=pSg- kl - pS

p
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| %3:=pSg-kl +pS

7cost(");
L 106 additions + 322 multiplications + 27 divisions + 28 functions
7|v .= convert(lv, abs);
@ Llk(2pS- Kl )-2pS+kl |_ 11 k(2pSg-kl)|-2pSg+kl |
8 p(-2pS+kl) 8 p(-2pSg+kl)
L1 k%5 %4 1] k%3|%2|+;| k|%1|+1| k %1 In(%1)
4 p %4 4 p %2 4 p 4 p2
1kl (pSg+kl +pS)In(pSg+kl +pS) 11 k%3In(%2)
4 2 4 2
p p
+1k| (2pS+kl )In(2pS+k|)+1kl (2pSg+kl)In(2pSg+kl)
8 2 8 2
p p
1kl (2pS-k1)In(-2pS+kl) 1kl %5In(%4)
8 2 4 2
p p
1kl (2pSg-kl)In(-2pSg+kl) 11 k%3In(%3)
8 2 4 2
p p
L1kl (pSgtkl +pS)In(-pSg- kI - pS) 1kl %5In(%s5)
4 2 4 2
p p
+}kl (2pSg- kl)In(2pSg- kl)_}kl (2pSg+kl)In(-2pSg- kl)
8 2 8 2
p p
1kl (2pS+kl)In(-2pS-kl') 11 k%lin(-pSg- k|l +pS)
8 2 4 2
p p
L1kl (2pS- k1)In(2ps- kI )gsin(f)+g'—l k(2pS-kl1)|-2pS+kl |
8 p2 p 8 p(-2pS+kl)
11 k(2pSg- kl )|[-2pSg+kl| 1] k%5|%4|+y k%3 %2| 11 K[%1]
8 p(-2pSg+kl) 4 pY%4a 4  p%2 4 p
2k29
I;cos(f)
%l:=pSg+kl -pS
%2:=-pSg+kl +pS
%3:=pSg-kl -pS
%4:=-pSg+kl -pS
L %5:=pSg-kl +pS
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kl kl
Make the substitution /= E WEIl do it in stages, viaan intermediary, O = T First, factor

| out Q globally.

col l ect ( al gsubs(k*l anbda/ Pi =Q, | v, exact),
[sin(phi),cos(phi),Qabs,In] );

2 1|-2pS+kl[(2pS-kl) 1]|-2pSg+kl[(2pSg- k1) 1|%w4|%5 1]|%2|%3
€ s -2pS+kl 8 -2pSg+kl 1 s 4 w2
+}HK%D9M_}|MpSg+k|+pSHpSg+k|+pS){1MW@)%3
4 p 4 p 4 p
+1Im2pS+kIMZpS+kI)+1hK2pSg+kIH2pSg+kU
8 p 8 p
_1IM-2pS+kU(2pS-kl)+}IM%ﬂ)%5_}Im-ZpSg+kU(2pSg-kU
8 p 4 p 8 p
+}IM%B)%3+}Im-pSg-kl-pSﬂpSg+kl+pS)_}IM%ﬁ)%5
4 p 4 p 4 p
+gln(ZpSg-kl)(ZpSg-kI)_lln(-ZpSg-kI)(2pSg+kI)
8 p 8 p
1In(-2pS-kl)(2pS+kl) 1In(-pSg-kl +pS) %l
8 p 4 p
,1In(2ps- k1)(2pS- k) d|-2pS+kl|(2pS- k)

3 " 4|ty1| Qsm(f)+gs

+;|-2p5g+k||(2p5g-k|) 1| %4| %5 1|ty02|%3_1|
8 -2pSg+kl 4 %4 4 w2 4

%l:=pSg+kl -pS

%2:=-pSg+kl +pS

%3:=pSg-kl -pS

%4:=-pSg+kl -pS

%5:=pSg-kl +pS

2pS+H

0/1| —Qcos(f)

[ Next, create the "inside" Q terms.
Iv := subs( k*lanbda=Pi*Q " );

h)_§’* 2pS+p0[(2pS-p0) 1|-2pSg+po|(2pSg-p0O)

8 -2pS+pQ 8 -2pSg+pQ
,1l-pSe+p0-ps|(pSg-po+ps) 1]-pSg+p0+ps|(pSe-po-ps)
4 -pSg+pQ0-pS 4 -pSg+pO+pS
L LIn(pSg+pQ-pS)(pPSg+pQ-pS) 1In(pSg+pO+pS)(PSg+pO+pS)
4 P 4 P
_1In(-pSg+pQ+pS)(pSg-pQO-pS) 1In(2pS+pQ)(2pS+p0)
4 P 8 P
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L 1In(2pSg+pQ)(2pSg+pQ) 1In(-2pS+pQ)(2pS-pQ)

8 p 8 p
+1In(-|oSg+|0Q-|0S)(|oSg-|OQ+|DS)_1In(-2|oSg+|0Q)(2|0Sg-|0Q)
4 p 8 p
+gln(loSg-loQ-|oS)(|oSg-|0Q-|oS)+}In(-|oSg-|0Q-|0S)(|oSg+|OQ+|oS)
4 p 4 p
_1in(pSg-pO+pS)(PSg-pQO+pS) 1In(2pSg-pQ)(2pSg- pO)
4 p 8 p
1In(-2pSg-pQ)(2pSg+pQ) 1In(-2pS-pQ)(2pS+pQ)

8 p 8 p
_1In(-pSg-pQ+pS)(pSg+pQ-pS) 1In(2pS-pQ)(2pS-pQ)

4 p 8 P

1 6 dl|-2ps+po|(2pS- pO)

—pS -pS|E f —

+2pSg+p0- pszosn(f) + g 2pSipo
,1-2p5¢+p0[(2pSg-p0) 1|-pSg+p0-pS|(pSg-pQ+pS)

8 -2pSg+pQ 4 -pSg+pQ-pS
1|-pSg+pQO+pS|(pSg-pQ-ps) 1 106

= - = - ~poz f
* pSgtpgtps 4 |PSg+p0- ps|+2p0oZocos(f)

Now we need to set O =1S. Write aprocedure to take care of all the abs and In termsin
place, without messing up the form of the expression..

Iv_factor := proc( expr )
| ocal p, loc, newexpr;
newexpr := expr

i f type(newexpr,function) then
i f op(0, newexpr)="abs" then
newexpr := factor(subs(Q=f*S, newexpr));
elif op(0,newexpr)="In" then
p := factor( subs( Qf*S, op(1l, newexpr) ) );
newexpr : = expand( In(p) );
fi;
el se
i f nops(newexpr) > 1 then
for p in newexpr do

loc := location( newexpr, p );
if nops(loc) > 0 then
p : = procnane(p);
newexpr := subsop( |oc=p, newexpr );
fi;
od;
fi;
fi;
RETURN( newexpr) ;

end:

Iv_factor(lv);

e 1pS|-2+/(2pS-pQ) 1pS|-2¢+/(2pSg-pO)
8 -2pS+pQ0 8 -2pSg+pQ0
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,1pS|-g+/-1|(pSg-pQ+pS) 1pS|-g+/+1(pSg-pQ-pS)
4 -pSg+pQ-psS 4 -pSg+pQ+psS
L1 (n(p) +In(S) +In(g +/- 1)) (pSg+p Q- pS)
4 p
1 (In(p) +In(S) +In(g +/+1)) (PSg+pQ+pS)
p
(In(p) +In(S) +In(-g+/+1)) (pSg-PO-PS)
p

(In(p) +In(S) +In(2+/)) (2pS+p Q) 1 (In(p) +In(S) +In(2g +/)) (2pSg+p Q)
(mun+4MS)+mf2+f»(2pS DQ)8 p
UMpw4mm+nw2+f-n)mSg-pQ+pm
(mw)+mwo+m(2gfﬂ)@pSg pO)
(mw)+mwo+m0flg-ﬁ)mSg-pQ-pm
+}UMDH4M®+”Wg-;-U)mSg+pQ+p®
_i(mW)+m®0+m@~fED)ng-pQ+p$

4

+1(mw)+mwo+m@gf%)upSg-pQ)

8

1UMD)+m®0+m(2g(ﬁ)QpSg+pQ)
(mW)+m®0+m0;iﬂ)QpS+pQ)
UMD)+m®0+mdz-f+1N(pSg+pQ-pS)

(In(p) +In(S) + In(2- fB(ZpS pO)
1 L2+fH2ps-pg)+1pSL2g+fH2pSg-pQ)

8 -2pS+pO 8 -2pSg+pQ
1pS|-g+s-1[(pSg-pQ+pS) 1pS|-g+/+1(pSg-pO-pSs)
4 "pSg+pQ-pS 4 "pPSg+pQ+pS

! S|g+ 1|+1 0 s(f)
- = - —pO=Qco
4|O g+f 2IOQﬂQ

+

NI OOIH N OOIH (el -bll—‘ -bl

+

+

"8
1
8
1
4
1 o)
+2 += pﬂ +f- 1|anﬁ)+g
pS

Finally, finish off the remaining Q substitutions. Many of the /n terms conveniently go away
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| now.
7Iv = collect( subs(Qf*S,"), [sin(phi),cos(phi),S], factor );

Ivi=- %(2In(-1+g-f)- 2In(-g- f- 1)+2In(g- f+1)+2In(g+f- 1)- In(-2g+/) f

-In(2g+ /) f- In(-2+/) f- 2In(-g+f- 1) g+2In(-g+f- 1)f- 2In(-g+f+1)f

- 2In(g+f- 1) f+2In(g+f+1)g- 2In(g+f- 1) g- 2In(-1+g- flg+2In(-1+g- f)f
+2In(-g- f+1)f+In(2- /) f+2In(-g- f+1)g+In(-2- /) f+2In(-2g- /) g
+In(-2g- Nf+In(2g- Hf+2In(g- f+1)g- 2In(g- f+1)f- 2In(2g- /) g
+2In(-2g+/) g- p|-2+/1- p|-2g+/1+2p|-g+/- 1|- 2p|-g+r+1]

-2In(-g- f-Dg-2In(-g- -1 f-In(2+)f- 2In(2g+Ng+2In(g+f+1)f
+2In(-g+f+1)g+2In(g+f+1)+2In(-2- /)- 2In(-g- f+1)- 2In(-g+f+1)

L 2In(2+/) - 2In(2- f) +2In(-2+/) - 2In(-g+f- 1)- 2p|g+f- 1]) FSsin(f)

1
vopCl-2efl-[-2g4dv2l-g o 1f- 2-grrel- 2lgrs- 1]+ anrs costt)

cost(");

130 additions + 93 multiplications + 52 functions

[ Much better. Noticethere are both sinf and cosf terms.

Iv_sin := coeff(lv,sin(phi),1)*sin(phi);

Iv_sin = - %(2In(-1+g-f)- 2In(-g- /- 1)+2In(g- f+1)+2In(g+f- 1)

-In(-2g+/) f- In(2g+ /) f- In(-2+/) f- 2In(-g+f- 1) g+2In(-g+f- 1)f

- 2In(-g+f+1)f- 2In(g+/f- 1) f+2In(g+f+1)g- 2In(g+/- 1)g- 2In(-1+g- f) g
+2In(-1+g- /) f+2In(-g- f+1)f+In(2- /) f+2In(-g- f+1)g+In(-2- /) f
+2In(-2g- Ng+In(-2g- N f+In(2g- ) f+2In(g- f+1)g- 2In(g- f+1)f
-2In(2g- Ng+2In(-2g+N g- p|-2+/1- p|-2g+/1+2p|-g+/- 1]- 2p[-g+/+1]
-2In(-g- f-Dg-2In(-g- -1 f-In(2+/)f- 2In(2g+Ng+2In(g+f+1)f
+2In(-g+f+1LD)g+2In(g+f+1)+2In(-2- f)- 2In(-g- f+1)- 2In(-g+f+1)

C2In(2+/)- 2In(2- /) +2In(-2+/) - 2In(-g+/- 1) - 2p|g+/- 1])rSZsin(f)
7Iv_cos .= coeff(lv,cos(phi), 1)*cos(phi);

Iv_cos =

1
PCl-2erl-[-2g4d+2l-gor- 1]- 2-grrel 2lg+s- 1+ anrsoonit)

1.4. Characterization of the sin and cos Terms.

2 sin(f 52 cos(f
:n( ) and p§ co(f) into functions of (g,/).

Let's make the coefficients of P
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ds] :=fn( coeff( algsubs( S"2*sin(phi)=Q Iv_sin), Q 1 )*8/Pi
g, f);

GS1=(g,f)® - (2In(-g- f+1) f+2In(-1+g- ) f- 2In(-1+g- f)g- 2In(g+/f- 1) g

+2In(g+/+1)g- 2In(g+f- 1)f- 2In(-g+f+1)f+2In(-g+/- 1) f- 2In(-g+f- 1) g
- In(-2+/) /- In(2g+ /) f- In(-2g +/) - 2In(-g- /- 1) g- 2p|-g+/+1]|
+2pl-g+f- 1|- pl-2g+/- p|-2+/+2In(-2g+/) g- 2In(2g- N g- 2In(g- f+1)f
+2In(g- f+1)g+In(2g- N)f+In(-2g- /) f+2In(-2g- /) g+In(-2- f) f
+2In(-g- f+1)g+In(2- ) f- In(2+/) f- 2In(-g- f- 1) f- 2p|g+f- 1
+2In(-g+f+1)g+2In(g+f+1)f- 2In(2g+/f)g+2In(g+f- 1)+2In(g- f+1)
-2In(-g- f- 1)+2In(-1+g- H+2In(-2- )- 2In(2- f)- 2In(-g- f+1)
+2In(g+f+1)- 2In(-g+f+1)- 2In(-g+/- 1) +2In(-2+f) - 2In(2+/)) fIp

dc] :=fn( coe;fg al gsubs( S"2*cos(phi)=Q Iv_cos ), Q 1 )*8/Pi,

g, ;

G, =(gN® (|-2+/-[-2g+fl+2]-g+- 1]- 2 -gwrea]- 2lg+r- 1]+ ans

Notice that the collection of /n termsin the sin term make for avery difficult time of keeping
the sin term purely real. Infact, setting g = 0 we have Gg(o, f

- (-2p|1+4]- 2In() £+ 2In(-N f- plfl- In-2+ 1) f+In(2- ) f+In(-2- N f- p|-2+7]
-In(2+ ) f+2In(-2- f)- 2In(2+/) - 2In(2- f) +2In(-2+/)) fI p

collect(",[abs,f],factor);
2/l L+ 11+ 11+ A -2+/]

(2In(-/)- In(-2+/) - 2In(f) +In(-2- /) - In(2+ 1) +In(2- 1))/
p
LG22 /)= In(2+7) - In(2- /) +In(-2+4))
i p

where it becomes quite clear were in trouble. Thereisno real value of ffor which this
expression does not have an imaginary component. On the other hand, the cos term is
comparatively well-behaved: Gc( z.f)

I (-|-2+7]-[-2g+fl+2]-g+7- 1|- 2[-g+r+1]- 2|g+s- 1 +ap)f
[ Let's take alook at the cos term for various values of g.

cosplot := proc( gvals::list, frange::range )
I ocal p, k;
p:=1[1;
for k from1l to nops(gvals) do
p:=1[ op(p), plot( Hc](gvals[k],f), f=frange,
col or=nycol ors[ (k-1 nod 10)+1] ) ];
od;
pl ot s[di splay] (p);
L end:
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= 2.

cospl ot ( [seq(0.1*i,i=0..10)], -0.5..2.5);

05 =" o5 1

[ An animation of thisisalso instructive.
plots[animate] (J c](g,f),f=-0.5..2.5,9=0..1, col or=bl ue);

2.5

05 ol 0.5 1 15

[ Hmm, kind of disturbing that it is asymmetric.

Integration Check.
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Since Mathcad 6.0 was unable to do the Iv integral and therefore provide an independent check,

we should differentiate the integral and make sure we recover the integrand. First, do the
| indefinite integral.
7|v_indef = int( integrand, p );

N
=]
9%)
+
=
N
<
O
[SE Nl e}

' ae(2pS+k|)po aE(ZpS kl)po .
) (2pS+kl)p +s|g cos(f) - Cig (f)

1
(2pS+kl) S+

[SE N e}

& a—:(-2pS+k|)p+f |
co I
I a ® (-2pS+kl o 2pS+kl o
g_ N S R B S ST
(-2pS+kl)p ' !
(-2pS+kl)S/I
& a5 p 0 0
© I +fg| 2 %5p0 5p 6 I
. 0w p PO . +
- +Si I f)y-C Tgin(f )+%55 (1 +
1 %5 p I R NI R
4 I
& 06 p 0 0
© I +fg & %6 p :
0!
- + Sig- f)- C zsin(f 9/6 1
1 %6 co(f) - Ig sm( ) 65 (g- 1)
4 [
& 04 p 0 0
ok Y s WAps i
. JA" . PO . <
- + Sig- I f)y-C Tgin(f)+%4 S (1+
L1 %4 p I R W R M
4 I
& 03 0] o]
© I +f; & %3po :
0 [’_ x
+} - %3 +S|g cos(f) Clg sm(f) %3S(g 1)
4 [

oS+ I1 | (- %1) cos(f ) - Ci(%L) sin(f ) 2(-2pSg+k1) S
- - co - sin(f )=(-
(-2pSg+kl)p (- %1) cos(f) - Ci(%1) sin(f)=(-2pSg+kl)Sg

1
4 [
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e cos(%2 + 1) |

+Si(- %2) cos(f ) - Ci(%2) sin(f )%(2pSg+k| )Sg

le (2pSg+kl)p
4 |
aelslnk +f 1 cos(kp +f 1
1sn(kp+t) 1oostkp+f) s|( kp) cos(f) - —Cl(kp)sm(f) %2 =
2 22 2 kp
k™ p 2 _+.}
p 4
2pS+kl 0 2pS+kl
sing(p—)pﬂilz cos?p—)pwﬁ
1 I a 1 I a +}Si§e (2pS+k|)p0 cos(f )
2 (2pS+k|)2p2 2 (2pS+kl)p 2 |
('j & -2pS+kl 0
2 sing( P ), +92
1 _&2pS+kl)pd 1& 1 2
505 | E’sm(f) (2pS+k|) /(1 p)+4_1 E > 2
@ (-2pS+kl)°p
-2pS+kl ]
CO%E( P )p+fil .
1 I g 1 & (-2pS+kl)pd
.= +—s|g- *cos(f )
2 (-2pS+kl)p 2 I
9
1 2pS+kl 0 1
—Clg( P )p—sm(f) +(- 2pS+k|) /(1 p)+—
2 I a 5
& /06 0 206 0 0
singo—p+f =| 2 co%o—pﬂ I . . H
1 I [} 1 I g 1 & %6pod 1 a6p0 . )
"2 22 2 g oSk oot - S agT T Esin(f) 196
%6~ p wop a
I'p
1
2
& a5 Y05 o] 0]
sin 0p+f—I2 co%0p+f$ . . T
| 2 1 | g 1 & %5p0 1 _a%5pd . I o
"5 > 5 "5 " +§S| o Icos(f)-EC|g gsn(f)i%S
%5 p »P 2
I'p
1
2
e _&@ip 02 Vo4 0 0
sin +f =l co +f = . . T
| 2 1 | g 1 2 %po 1 _a%4pd . I o
5 > 5 5 Yol +§S| o :cos(f)-EC|g gsn(f)i%4
%4° p r 2
I'p
1
=
2
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e . a%3 p 2 63p O
O T

O

sm +f—| csg +f= ) . I
1 [ [} 1 & %3pb 1 a3p0 . I 2
> 5 5 %3 +§S| -I—I os(f)-EC| | Esn(f)i%3
%3 p P 2}
I p
181 Sn(%2+ )12 1 cos(%2+f)l 1 1 2
+4§ T 2 tansairiy sty S(-%2) cos(f) - D Ci(%2) sin(f)
2(2psg+kl)2p? 2(2PSgrkl)p o
1
(2pSg+k|)/(|p)+Z
1 snoel+f)1° 1 cos(wl+f)l 1 1 9
g-— 2 2 2(-2pSet il 2S|( %1) cos(f ) - —Cl(%l)sm(f)—
(-2pSg+kl)2p? 2(-2PSg*kl)p o
0
2 <
(-2pSg+kl)~/ (I p)zl /'p
o
-2pSgtkl
%1:( pf )P
2pSg+kl
%2:( p gl )P
%3:=-pSg+kl +pS
%A4:=pSg+kl +pS
%5:=-pSg+kl -pS
. %6:=pSg+kl -pS
cost(");
L 233 additions + 598 multiplications + 134 divisions + 94 functions
' Now differentiate thiswrt p
Cdiff( Iv_indef, p);
®
& 2pS+kl 0 2pS+kl 0 0
_ smg(p—)p— cos(f ) cosg(p—)p sin(f) =
1 sm(%8)+ cos(%8) | I a H
Y& P @pser))y® , P 5

1
(2pS+kl) S/ +7
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& gae( 2pS+k|)po - 2pS+k|)po

ggn(%n L cos(%D) S | cos(f) _ cosg | (f)—
P (C2pS+kl)p? p p E
(-2pS+kl)S/I
& a5 0 ) 0
§smg | +f= % +f BI ng =cos(f ) co% zgin(f )E
+ - - ~%5S(1+g)
;g P %5 p° P P o
4 |
aesng%ﬁ +fg 0! 2op +f gl sm —cos(f) co —sm(f)—
I 4] I @ sg
+ - T%6S(g- 1)
1 P %6 p° p p p
4 |
e a4p 0 Bodp O
§smg | +f g co% | +f EI sm —cos(f ) co% —sm(f ) T
+ - T0/04S(1+g)
+;§ P %4 p° P P o
4 I
aesinaéy03 +fg co 23p +f gl sm —cos(f) co —sm(f)—
I [4] I @ Sg
+ - Z%3S(g- 1)
1 P %3 p° p p p
4 I
1
=
4
asin(%l+f) N cos(%1+f)lI ) sin(%1) cos(f ) cos(%l)sm(f)o( 2pSg+kl)Sg
p (-2pSg+kl)p P P 5
I
asin(%2 + 1) N cos(%2 + 1) | ] sin(%?2) cos(f ) cos(%2)sm(f)o(2 Sg+kl)Sg
18 P (2pSgrk)p’ P P 5
4 |
asin(kp +1) +1 sin(kp +f) ] 1sin(kp) cos(f ) ] 1 cos(kp)sin(f)gkzI
é k2p3 2 p 2 p 2 p E 1
- p +4
3 sn(%8) 14 1sin(%8) 1S‘in§€(2|osl+kI )pz%cos(f) 1(:‘)S§8(2|C)S|+k| )p%gg”(f)g
E(ZpS+kl)2 3’2 p 2 P 2 p 5
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& 2pS+kl o
. 2 _ sing:( P )p cos(f )
2 1 sin(%?7) | 1 sin(%7) 1 I
(2pS+k1)7I (1 p)+7, S35 -3
(- 2pS+k|) P P
- 2pS+k|)po
L | ﬁ)‘
-5 —(2pS+k|)/U p)
2 p
o}
e a6p 0 2 _a6p 0 %06 p 0
smg f =l ng +f = sin Tcos(f ) co —sm(f )=
§ I 2 I g 1 | o 2
23 2 "2 '2 046
+;§ %6 p P P P o
2 I p
®. aé’/05p+f9|2 _ aé’/05p+f9 . a@5p 0 ; S 0
smg—I - 1smg | - 1smg | Bcos( ) co sm( )=
23 2 "2 '2 o5
1 %5° p p p p P
2 I p
e dp 02 p 0 a4 p Yod p O
sing—— +f =| sin +f= sin zcos(f 0 zgin(f
i NI S WA T I S e W R
+= - = - = %4
1§ 0642 3 p 2 p 2 P -
2 I'p
& . %3 0 0 &3p 0
sin 0p+f: 2 sin p+f: singopicos(f) co —SI (f)—
I 1 I g 1 | o 2
23 2 "2 "2 2963
2 I p
gsin(%2+f)lz 1sin(%2+f) 1sin(%2) cos(f) 1cos(%2)sin(f)g(2 Sgskl 2
-5 -5 zepog
1 (2pSg+k|)2p3 2 p 2 p 2 p p
4 I p
}g sin(%1+f)l2 1sin(%1+f) gsin(%l)cos(f) 1cos(%1)sm(f)g
4(2pSg+k|)23 2 p 2 p 2 p E

|..|..|..|..|..|.o;

(-2pSg+k1)?1(1 p)il Ip
a
(-2pSg+kl)p
|

%1 :=
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(2pSg+kl)p
I

%3:=-pSg+kl +pS
%4:=pSg+kl +pS
%5:=-pSg+kl -pS
%6:=pSg+kl -pS
-2pS+kl
(-2p | )p+f
2pS+kl
(2p | )pﬂc

%2 =

%7 =

%8 :=

cost(");

249 additions + 606 multiplications + 175 divisions + 102 functions

[ This had better be equal to the original integrand.
expand( sinplify(""-integrand) );
0

Whew. However, this means only that Maple is able to successfully differentiate the result of an
integration. It does not necessarily mean the integration was correct, though it increases that
| | probability.

3. Another Approach to Evaluating the Integral.
3.1. Simplification of the Indefinite Integral.

Start with the indefinite integration result and then insert the limitsfor p. First, let's smplify
the form of the indefinite integral result. Recall that the indefinite integral from the last
| sectionis
Iv_indef := collect(lv_indef,[sin(phi),cos(phi),p,lanbda,g],factor);

e

1 o&e &
v indef = é gkz 2 Ci(- %3) +2Ci(%2) - 2Ci(-%4) + Ci(%S5) + Cif:

°S
w_- 2Ci(%1) - 4Ci(kp) +Ci(- %6)= '2/p é

1 kS (-Ci(%5) + Ci(- %3) - Ci(-%4) + Ci(%1) - Ci(%2) + Ci(- %6)) g +1
p 4

(2pS- kl)po 6€(2pS kl')pd
I 2 I

IS

ksgo%e =+ Ci(%2) - Ci(-%3) - Ci(- %4)+c|(%1)_

p
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e

QIO
QI |--1--1-O:

n(f)+§}k2§e8|g(

2pS+kl)po

=+ 4Si(kp) + 2 SI(%3) - 2Si(%4) +2 Si(%1)

15 S

- 2Si(%2) - Si(%5)+5i§—2psl' s )p%+s(%6)%| 2/p2+§

kS (- Si(%3) + Si(%4) - Si(%6) - Si(%2) - Si(%5) +Si(%1)) g

1
4 p

ﬁZpS kl)pd

kSg Slg

£+ Si(%4) + SI(%3) - Sig

M_Jr 3(%2)+s|(%1)-

wpSg-pkl +ppS-f1 06

p

pSg+tpkl +ppS+1fl

-
4
9
E:

0
5

x
cos(f ) += ngC% |

pSg-pkl -ppS-f10

- 200§ | 5

So+pkl - S+fl 0O
_ZC%pgp pp 9

2}
BppS+pkl +f1 06
I

- CO!

BppS-pkl -110
(60

BppSg+pkl +f1 0
co

—+4cos(kp+f) co%

ppS- pkl-flo

QH-O:

=+ 2 co
7] [

0
I 2

9
I 2

BppSg-pkl -1l

00 2 2 .1
| £ /(pp)+8

g4sm(kp+f)+smg |

Sg-pkl - S-fl10
+Zsin§9p £ P PP =-
[

Sg+pkl + S+f|o

P g@p g+p prp
[ z
EppSg- pkl-fIO _&p

sin

. awpSg-pkl +ppS- Tl
Zsmg

. apSgtpkl -ppS+f|
@ g [

Q-H-O:

 ppS+pkl +f1 0
- sin I

|
pSgt+pkl +11

+sing | 5

(pSg+kl +pS)p
|
(pSg+kl -pS)p
|
(pSg-kl -pS)p
[
(pSg-kl +pS)p
|
(2pSg+kl)p
|

%1 :=

%2 :=

%3 :=

%4 =

%5 :=

%2 / 22
=l
| =12 /(o)
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(2pSg-kl)p
[

%06 =

kl k
Once again, we make the substitution /= E Additionally, we make the substitution Q = TP.

O replaces p as our independent variable. Hereis a procedure that does the substitutionsin
| the function arguments (sin, cos, Ci, Si).

Iv_indef _factor := proc( expr )
| ocal g, |oc, newexpr;
newexpr := expr

i f type(newexpr, function) then
i f menber( op(0, newexpr), { sin, cos, G, Si'} ) then

g := op(1, newexpr);

g := factor( subs( S=k*lanbda/Pi/f, q ) );

g := collect( algsubs( k*p="Q*f, q), Q factor );
newexpr : = op(0, newexpr)(q);

fi;
el se
i f nops(newexpr) > 1 then
for g in newexpr do

loc := location( newexpr, q );
if nops(loc) > 0 then
g := procnane(q);
newexpr := subsop( |oc=q, newexpr );

fi;
od;
fi;
fi;
RETURN( newexpr) ;
. end:

Iv_indef_factor( Iv_indef );

gékz(ZCi((-gﬁw“ 1) 0) +2Ci((g+/- 1) Q) - 2Ci((-g+/- 1) Q) +Ci((2g +/) 0)
+Ci((-2+/) Q) +Ci((2+/) Q) - 2Ci((g+f+1) Q) - 4Ci(0/) + Ci((-2g +/) Q))IZ/
p2+§kS(-Ci((2g+f) 0) +Ci((-g+f+1) 0)- Ci((-g+f- 1) 0) +Ci((g +/+1) Q)

1
- Cil(g+/- 1) O)+Ci((-2g+/) Q) g/p+7 kS(Ci((-2+/) 0) - Ci((2+/) ©)

Q-H-O:

+Ci((g+/-1)0)- Ci((-g+/+1) 0)- Ci((-g+/- 1) 0) +Ci((g +/+1) Q))/P%

A
Sn() + 47 (- SI((2+/) 0) + 4Si(0) +2S((-1+g- /) 0) - 28i((g- +1) 0)
+2Si((g+/+1) 0)- 28((g+/- 1) 0) - S((2g+/) 0)+ S((2- /) 0) + S((2¢- /) 0))
A
12/ b2+ kS (-S(-1+g- ) 0) +Si(g- /+1) 0)- S(2g- /) 0)

1
- S((g*f-1)0)- S((2g+) Q) +S((g+/+1) Q) glp+7 kS(-S((2- /) Q)
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+Si((g- /+1) 0) +S((-1+g- /) 0)- Si(2+/) 0) +S((g+/- 1) 0)
+Si((g+f+1)Q))/p%| %COS(f)+gk(2cos(-(g-f+1)Q+f)+2005((g+f+1)Q+f)
-2cos(-(-1+g- )O+f)-cos(-(2- /)Q+Tf)- 2cos((g+f-1)Q+f)
-cos((2g+/)Q+f)-cos((2+f) Q+f)+4cos(Qf+f)- COS(-(Zg-f)Q+f))|2/(
0% p) 45 (4SN(Of+1) - S(-(2- /) 0+1) - 28n((g+/- 1) 0 +1)

-2sin(-(-1+g- ) O+f)+28n(-(g- f+1)Q+f)+2sin((g+f+1)Q+f)

-sn((24) 0+ 1)~ sn(-(2g- N 0+H) - sn((2g+N 0+ TP/ (97 p?)

[ Now make the substitutions on the "outside" variables.
subs( p=Qf/k, S=k*lanbda/Pi/f, " );

21

& SK (2C((-g+/+1) 0) +2Ci((g +/- 1) 0) - 2Ci((-g+/- 1) 0) +Ci((2g +/) 0)

+Ci((-2+/) 0) + Ci((2+/) 0)- 2Ci((g+/+1) ) - 4Ci(QN +Ci((-2g+N N1 Z /
A

p?+E, 121 (-Ci((28+/)0) + Ci((-g +/+1) 0)- Ci((-g+/- 1) ©) +Ci((g +/+1) 0)

1
- Cil(g+/- 1) Q) +Cil(-2g+/) 0))g / (BN +5 K1 (Ci((-2+/) 0) - Ci((2+/) ©)
+Cil(g+/- 1)0)- Cil(-g+/+1) 0)- C((-g+/- 1) 0)+Ci(g+/+1) ) / (B*NZ
o
| Zsin(f) + K2 (-S(2+/) 0) +4S(0/) +28i((- L+~ /) 0) - 28i((g- /+1) ©)
+2S((g+/+1)0)- 28((g+/- 1) 0) - S(2g+/) 0) +S((2- /) 0) +Si((2¢- /) 0))

A
12/ 0P+ 1 (-S((-1+g- N 0) +Si((g- f+1) 0)- S(25- /) O)

1
S S((g+/- DO)- S(2e+N 0 +S(g+/+ 1 0z / 02N+, K1 (-S((2- N O)
+Si((g- f+1) 0) +S((-L+g- /) 0)- S((2+/) 0) +S((g +/- 1) )
+Si((g+r+1) 0)) / (P23 Soos(t) +2 42 (2008(- (- /+1) 0 +1)
& o o 8 £

+2cos((g+f+1)Q+f)- 2cos(-(-1+g- /) Q+Tf)- cos(-(2- /) 0 +f)
- 2co8((g+/f- 1) Q+f)-cos((2g+/) Q+f)- cos((2+/) Q+f)+4cos(Qf+f)

2 2 1 . .
- cog(-(2g- /) 0+1))l /(P Qf) +g(4sn(Qf+1)- sin(-(2- /) 0 +1)

-2sn((g+f-1)Q0+f)-2sn(-(-1+g- ) O+f)+2sin(-(g- f+1) 0 +f)
+2sin((g+f+1) 0+f)-sn((2+/) O+f)-sin(-(2g- /) O+f)- sin((2g+/) 0 +T))
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1282/ (? P

7Iv_indef :=collect( ", [sin(phi),cos(phi),QPi,f,k,lanbda] );
e 1 1 1
Iv_indef = gg ZCI((-g+f+ 1) 0)- ZCI((g+f- 1) Q)+ZCI((-g+f- 1) 0)
1 . 1 . 1 . 1 1 .
- gCl((2g+f) 0)- gCl((-2+f) 0)- gCI((2+f) 0) +ZCI((g+f+ 1) 0) +§CI(Q/‘)
1 022 @& : :
- gCl((-2g+f) Q)fﬂI k +gz(-Cl((2g+f) Q) +Ci((-g+/+1)0)- Ci((-g+/f-1)0)
1
+Ci((g+/+1)0)- Ci((g+/- 1) Q) +Ci((-2g +/) Q))g+ZCi((-2+f) 0)
1 1 1 1
- ;10((2 +/) 0) +ZCi((g+f- 1) 0)- ZCi((-g+f+ 1)0)- ZCi((-g+f- 1) 0)
(g +r+1) 0021 221 3sin(r) / oP+ BB S S((2+) 0) +2S(0)
48 P P PrEE g 2
1 1 1 1
+ZSi((-1+g-f) 0) - ZSi((g-f+ 1) Q)+ZSi((g+f+1)Q)- ZSi((g+f- 1) 0)

YSi((2g+0) 0) +ESi((2 +ISi((2 922 & s+
- SS((28+) 0)+SS((2- ) 0) +38((2¢- ) 02 2K+ (-S((-1+g- /) ©)
+Si((g- /+1)0)- S(2g- /) 0)- S((g+/- 1) 0)- S((2g+/) 0) +Si((g+/+1) 0))
1 1 1 1
g- 7 S((2- ) 0) +5S((g- [+1) Q)+ S((-1+g- N 0)- ;S((2+/) 0)
1 1 0 0
+S((g+/- 1) 0)+5S((g+/+1) 02 K1 fZoos(t) / pP+§
L& [+1) 0 +1) +; c0s((g+/+ 1) 0+1) - J00s(-(-1+g- ) O +1)
1 1 1
- SO0 (2 /) 0 +1) - JooR((g+/- 1) 0 +F)- Scos(2g+/) 0 +F)
1 1 1 0 2 2/ 2 0y, &
- S0o(24) 0 +1) +J o0+ ) - Ceod-(2g- N 0+DF 2K /(197 0)+§

1 1 1 1
SSN(Of+)- Csin(-(2- N Q+1)- Jsin((g+/- 1) 0 +f)- Jsin(-(-1+g- ) O +1)

+isin(-(g-f+1)Q+f)+%8in((g+f+l)Q+f)- ésin((2+f)Q+f)

1 1 .
| 'gSin(-(Zg-f)QJff)-gsin((2g+f)Q+f)%|ZkZ/UZpZQZ)

3.2. Substitution of the Integration Limits into the Indefinite Integral
Expression.
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| Now do theintegration limits Q0 =-¥ to 0 = ¥.

| L1 :=collect( limt( lv_indef, Q-infinity ),
[sin(phi),cos(phi),Pi,f] );

A 2 o2l . . .
L] = g§| k g Eggnum(-2+f)- signum(g - f+1) - signum(-g - /- 1) + 2 signum(y)
: 1. . 1.
+S|gnum(-1+g-f)+Esgnum(-2g-f)+sgnum(-g-f+ 1)+§sgnum(2g-f)

1. 0122 . :
- S Sgnum(2+/)Z+ 21k (signum(-1+¢ - ) - signum(-g - f- 1)

+g(-1+sgnum(-g- f+1))- signum(2+f) +g(-1+signum(-2g- f)) +signum(- 2 + f)
- g(-1+signum(-g- /- 1)) - g(-1+signum(-1+g- f)) +g(-1+signum(g- f+1))

0 A
- sgnum(-g- f+1)- g(-1+signum(2g-f))+signum(g-f+1))/f§sin(f)/p+ggl 2k2
& 1. . .
g-sgnum(-g+f- 1)+Esgnum(-2+f) +sgnum(-g+f+1)- signum(g+/+1)
1 : 1 1 : 0
+£sgnum(2g+f)- 2 signum(f) +§sgnum(-2g+f) +§sgnum(2+f)+3|gnum(g+f- 1)3

+§I 2k2 (gsignum(2g +f) - gsignum(-g +f+ 1) - signum(-2 +f) + signum(2 + f)

- gsignum(g +/+1) - signum(g +/- 1) - signum(g +f+ 1) +signum(-g +/- 1)
+gsignum(g +/- 1) +signum(-g +/+1) + gsignum(-g +/- 1) - g signum(-2¢ +f))/f%
cos(f)/p

7L2 c=collect( limt( Iv_indef, Qinfinity ),
[sin(phi), cos(phi),Pi,f] );

@ 2 22 1. :
L2:= gl k g-sgnum(-g+f- 1)+Esgnum(-2+f)+S|gnum(-g+f+1)
: 1 : 1. 1.
- signum(g + f+ 1)+§sgnum(2g+f)- 2 signum(f) +§sgnum(-2g+f) +§sgnum(2 +1)

0 1
tsgnum(g +f- 1)+l 22 (signum(- g +/+ 1) + g (- 1+ signum(2.g +1))

- signum(-2+/) +g (- 1+signum(g +/- 1)) - g (-1 +signum(-g +/+1))
- sgnum(g +7- 1) - g (- 1+signum(-2¢ +/)) + signum(-g +/- 1)
g(-1+signum(g +/+1)) +g(-1+signum(-g+f- 1)) +signum(2 +)

: 0. & 2 22 1.
signum(g + '+ 1))/fgsm(f)/p+ggl k gsgnum(g+f+1)- Esgnum(-2+f)

1
signum(-g+f+1)- Esignum(-2g+f)+signum(-g+f- 1) - signum(g +/- 1)
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1 1 0 1
- Esignum(z +1) - Esignum(Zg +1 +23ignum(f)§+§l 2k2(-gsignum(2g +1

+sgnum(- 2+ f) - signum(2 + /) - signum(- g + f+ 1) + signum(g +/+ 1)
+gsignum(g +/+1) +gsignum(-g +/+1) +signum(g +7- 1) - gsignum(-g +/- 1)

- signum(-g +/- 1) - gsignum(g +/- 1)+gSignum(-2g+f))/f%COS(f)/p

[ We obtain the result

v := collect( algsubs( k*lambda=Pi*f*S, sinmplify(L2-L1) ),
[ S, sin(phi), cos(phi),qg] );

Iy ::%(ZSignum(gﬂ‘- 1)- 2signum(g +f+1)- 2signum(-g+f+1)

+2sgnum(2g- f)- 2signum(-2g+/f) - 2signum(-2g- f) +2signum(-g- /- 1)
+2sgnum(-1+g- f)- 2signum(g- f+1)- 2signum(-g- f+1) +2signum(2g + /)

+2signum(- g +f- 1))pfg+1—16(-28ignum(g+f- 1)- 2signum(g - f+1)

- 2sgnum(g + f+ 1)+ 2signum(-g +f+ 1) + 4signum(2 +f) - fsignum(2 g - f)

- 2fsgnum(-g- f+1)- 2fsgnum(-1+g- f)+2fsignum(-g- f- 1) +fsignum(2 g + f)
+fsignum(-2g+ /) +2fsignum(g- f+ 1) +2fsignum(-g +f+ 1) + 2fsignum(- 2 + 1)

- 8fsignum(f) - fsignum(-2g- ) +2fsignum(2+7) - 2fsignum(-g +f- 1)
+2fsgnum(g+f- 1)- 2fsignum(g+f+1)- 4signum(-2+f) +2signum(-g + /- 1)

0] eel
- 2sgnum(-1+g- f) +2sgnum(-g - f+ 1) +2signum(-g - f- 1))pf§sin(f)+gE(
-4dignum(g+ /- 1) - 4signum(2g +f) +4signum(g +f+ 1) + 4signum(-g +f/+ 1)

1
- 4signum(-g+ /- 1) +4signum(-2g +£)) pfg+E(-4signum(2+f)

- 4d8ignum(-g+f+1)- 2fsignum(-2+ /) +4signum(g + f+ 1) +4signum(g + /- 1)

- 2fsgnum(2+£) - 2fsignum(-2g +f) + 8 fsignum(f) - 4 fsignum(g +f- 1)
+4fsgnum(g+f+1)- 4fsignum(-g+f+1)+4sgnum(-2+f) - 4signum(-g+f- 1)

+Afsignum(- g +/- 1) - 2fsignum(2g +/)) pf%COS(f )%S2

Shit, thisis not the same asin section 1. At least it does not contain those suspicious /n terms.
| Thesin and cos parts are

lv_sin := coeff( lv, sin(phi) );
Iv sin = EE(ZSgnum(gﬂ‘- 1)- 2signum(g +f+ 1) - 2signum(-g+/+1)

+2sgnum(2g- f)- 2signum(-2g+f) - 2signum(-2g- f) +2signum(-g- /- 1)
+2signum(-1+g- f)- 2signum(g - f+1)- 2signum(-g- f+1) +2signum(2g + /)
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+2signum(- g +f- 1))pfg+1—16(-28ignum(g+f- 1)- 2signum(g - f+1)

- 28ignum(g + f+ 1) + 2signum(-g +f+ 1) + 4signum(2 + /) - fsignum(2 g - f)

- 2fsgnum(-g- f+1)- 2fsgnum(-1+g- f)+2fsignum(-g- f- 1) +fsignum(2 g + f)

+fsgnum(-2g+f) +2fsignum(g- f+1)+2fsignum(-g +f+ 1) +2fsignum(- 2+ )
- 8fsignum(f) - fsignum(-2g- /) +2fsignum(2+7) - 2fsignum(-g +f- 1)
+2fsignum(g +/f- 1)- 2fsignum(g+/+1) - 4signum(-2+/f) +2signum(-g + /- 1)

5
- 285gnum(-1+g- f)+2signum(-g- f+1)+2signum(-g- f- 1))pf§S2

Iv_cos := coeff( lv, cos(phi) );

el
Iv _cos = EE (-4signum(g +/- 1)- 4signum(2g +f) +4signum(g +/+ 1)

1
tasgnum(-g+f+1)- 4sgnum(-g +/- 1) +4signum(-2g +/))pfg+7

-4dignum(2+1) - 4signum(-g +f+1)- 2fsignum(-2+ /) + 4signum(g +/+ 1)
+4sgnum(g + /- 1) - 2fsignum(2+ /) - 2fsignum(-2 g + 1) + 8 f'signum(f)
- 4fsignum(g +f- 1) +4fsignum(g+f+1)- 4fsignum(-g+f+ 1) +4signum(- 2+ /)

- 4signum(-g+f- 1) +4/signum(-g +/f- 1) - 2fsignum(2 g +/)) IDf%S2

3.3. Characterization of the sin and cos Terms.

2 . 2
S f S f
As before, define the coefficients of :n( ) ang 2 ZOS( )

7(13] = fn( collect(lv_sin/Pi/Sr2*8,[f,q]), g, T );

asfunctions of g and 1.

1
GS:=(g,f)® %esignum(2+f)+signum(g+f- 1)- signum(-g+f- 1) - Esignum(-Zg-f)
1
- sgnum(-1+g- f)- signum(g+f+1) - 4signum(f) +Esignum(-2g+f)
1
+sgnum(g - f+ 1) +signum(-g- f- 1)+Esignum(2g+f) +sgnum(-g +f+1)

+sgnum(- 2+ f) - %signum(Zg-f)- signum(-g- f+ 1)%/2+((signum(g+f- 1)

- signum(g +f+ 1) - signum(-g+f+1) +signum(2g - 1) - signum(-2g + )
- sgnum(-2g- f)+signum(-g- f- 1) +signum(-1+g- /) - signum(g- f+1)
- signum(-g - f+1) +signum(2g + /) +signum(-g +/- 1)) g +signum(-g +/+1)
- sgnum(g - f+ 1) +sgnum(-g+ /- 1)- 2signum(-2+f) - signum(g +f- 1)
- signum(g +f+ 1) + 2signum(2 + /) + signum(-g- /- 1) +signum(-g - f+ 1)
L - signum(-1+g- /) f
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gc] :=fn( collect(lv_cos/Pi/sSr2*8,[f,a]l), g, f );

GC =(g,/)® (-sgnum(-2+/) - signum(2+/) - signum(-2 g + /) + 2signum(g + f+ 1)
- 2signum(-g +f+ 1) +4signum(f) - 2signum(g + /- 1) +2signum(-g+/- 1)
- signum(2g+f))/2+((-Zsignum(g+f- 1)- 2signum(2 g+ f) + 2signum(g + f+ 1)
+2sgnum(-g+f+1)- 2signum(-g+/f- 1) +2signum(-2g+/£)) g- 2signum(2 + /)
- 2signum(-g+f+ 1) +2signum(g +f+ 1) + 2signum(g + /- 1) + 2signum(- 2+ /)
- 2signum(-g +/- 1)) f

[ For g = 0 these of course reduce to much simpler expressions. The cos term becomes

Jc](0,f);

(-signum(- 2+ f) - signum(2+f)+23ignum(/))f2+(-25ignum(2+f)+2$ignum(-2+f))f
factor( convert(",abs) );
i (-|-2+71-[2+ 71+ 2|) s

Thisisidentical to eq. (11) in TM97-01. For 2< |f| this expression isidentically zero. The sin
| term becomes

ds](0,1);

(signum(2 + f) - Zsignum(/)+signum(-2+f))f2+(-23ignum(-2+f)+2$ignum(2+f))f
factor( convert(",abs) );
I (-2l +|-2+7+[2+1])
[ which is negative the cos term when g = 0. Let'slook at some plots.

| Golot := proc( gvals::list, frange::range, cs::nane )
local p, k, F, Gange;
if cs="c then

F:=(dc];
elif cs="s  then
F:=(ds];

fi;
if nargs=4 then
Grange := args[4];
el se
Grange := -2.5..2.5;
[
=11
r k from1 to nops(gvals) do
p:=1[ op(p), plot( F(gvals[k],f), f=frange,
col or=nycol ors[ (k-1 nod 10) +1],
vi ew=[ f range, G-ange], nunpoi nts=200 ) ];

-5 —

(0]

od;

pl ot s[di splay] (p);
L end:

[gvals := [seq(0.1*i,i=0..10)]:

[ Plot the cos term only:
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Golot( gvals, -2.5..2.5, ¢ );

2,,
N 1
\\
\
L\
\ \\\ 1+
AN —\ ,
t 7 / ™ r
-1 + — 1 \ 2
1 — \\ N\ \
€ — - \ \
1 \\\ \ )
1 \ /
1 N
2+

These curves look the same as those plotted in TM97-01. Hence, the function Gc is probably

identical to the G function in Appendix A of TM97-01. Now plot the sin term only:
Golot( gvals, -2.5..2.5, s );

2,4
T N\,
VAAN
//
///
1 /
i )/
S =0 1 2
7l
P
) i
/ -1+
/ i
/ |
o+

Oh my. So it appears that the integration done by Mathcad 5.0 in TM97-01 isincomplete. It
also appears that Maple got the definite integral wrong. Finaly, the sin and cos terms are
negatives of each other. However, | can't quite make Gs( g )+ GC( g,/) =0, as shown by the
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| following:
7renainder .= factor( convert( gc](g,f) + ds](g,f), abs ) );

remainderi:g(-ﬂg-f+1|+|-2g-f|- |-2g+/- |2g+/1- 2|-g+r+1]- 2[-g- /- 1

L - 2|g+f- 1 +[2g- fle2]-1+g- fl+2]-g- fra|+2]-g+s- 1]+ 2| g+ s
[ Y et this goes to zero when g = 0 and when /= 0.
sinplify( subs(g=0,") ):

| 0
| subs(f=0,"");

| 0
: Let's plot Gs(g,f) + Gc(g,f).

F = fn(remainder, g, f);

1
F=(g,/)® E(-2|g-f+1|+|-2g-f|- |-2g+f]-12g+/- 2|-g+r+1]- 2|-g- 1- 1]

L - 2|g+s-1]+|2g- fl+2-1+g- A+ 2]-g- fHa]+2|-g+ - 1]+ 2| g+ s+ 1)) s

plot( [F(0.1,f),0], f=-2.5..2.5, nunpoi nts=200,
axes=BOX, col or=[navy,red] );

4e-151

2e-15+

T T ——

IO i
i !
il

-2 -1 0 1 2

|
I i I |
|

-2e-15+

-4e-15+

I Thisisjust numerical noise. Hence it does indeed appear that Gc(g,f) =- Gs(g,f).
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